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Abstract 

In this paper we introduce and study two new subclasses S> Mmp (a, f$) 
and (a, /3) of meromorphically multivalent functions which are 

defined by means of a new differential operator. Some results con- 
nected to subordination properties, coefficient estimates, convolution 
properties, integral representation, distortion theorems are obtained. 
We also extend the familiar concept of (n, 5)— neighborhoods of an- 
alytic functions to these subclasses of meromorphically multivalent 
functions. 
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1 Introduction 

Let A be the class of analytic functions in the unit disk U={zGC:|z|<l}. 
Consider 

£1 = {w £A: w(0) = and \w(z)\ < l,z eul (1.1) 

the class of Schwarz functions. 
For < a < 1 let 

g>(a) = ip e A : p(0) = 1 and $tp(z) >«,z£o}. (1.2) 

Note that T = J'(O) is the well-known Caratheodory class of functions. 

The classes of Schwarz and Caratheodory functions play an ex- 
tremely important role in the theory of analytic functions and have 
been studied by many authors. 
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It is easy to see that 

p € 9(a) if and only if P ^ - - € 9. (1.3) 

1 — a 

Making use of the properties of functions in the class 9 and the con- 
dition (1.3), the following properties of the functions in the class 9(a) 
can be obtained. 

Lemma 1.1 Let p 6 A. Then p € 9(a) if and only if there exists 
w € CI such that 

, . 1 - (2a — l)w(z) , _ T . 

^ z ) = — i rr^ («eu). (i.4) 

1 — w(z) 

Lemma 1.2 (Herglotz formula) A function p £ .A belongs to the class 
9(a) if and only if there exists a probability measure fi(x) on <9U such 
that 

= f l-(2a-l)xz ^ 

71x1=1 1 - XZ 

T/ie correspondence between 9(a) and probability measure n(x) on d\J, 
given by (1.5) is one-to-one. 

If / and g are in A, we say that / is subordinate to g, written f < g, 
if there exists a function w 6 such that /(z) = g(w(z)) (z £ U). 
It is known that if / -< g, then /(0) = g(0) and /(U) C s(U). In 
particular, if g is univalent in U we have the following equivalence: 

f(z) ~< g(z) (z G U) if and only if f(0) = g(0) and /(U) C g(V). 

Let E p denote the class of all meromorphic functions / of the form 

oo 

f(z)=z~P+ a k zk (PGN:={1,2,...}) (1.6) 

fc=i— p 

which are analytic and p-valent in the punctured unit disk 
U* =U\{0}. 

Denote by the subclass of E p consisting of functions of the form 

oo 

f(z) = z -v+ a ^ k «fc > ( z G U*). (1.7) 
fc=i— p 

A function / G S p is meromorphically multivalent starlike of order 
a (0 < a < 1) (see [2J) if 

Ip /(*) J 



The class of all such functions is denoted by S*(a). 
If / € Sp is given by (1.6) and g G T, p is given by 



fc=i-p 



then the Hadamard product (or convolution) of / and g is defined by 

oo 

{f * g){z) = z-* + a k b k z k = (g * f)(z) (p G N * € IT). 
fc=i— p 



For a function / € S p , we define the differential operator D™^ p in 
the following way: 



DLJ(z) = f(z) 



D\, p f(z) = D Xlxp f(z) = \n [ J_\ )l +(A-^) [ IUL +(i-X+n)f(z). 

(1.8) 

and, in general 

D^ p f{z) = D^ p {D™- p \f{z)), (1.9) 

where < fx < A and m G N. 

If the function / G X p is given by (1.6) then, from (1.8) and (1.9), 
we obtain 

00 

D^ p f{z) = z~v+ $k(\,V,m,p)a k z k (1.10) 

k=l— p 

(m G N , p G N , z G U*) 

where 

^.(A,/i,m,p) = [l + (fc + p)(A- / u + (A; + p+l)A^)] m . (1.11) 

From (1.10) it follows that D™ f(z) can be written in terms of 
convolution as 

D^ p f(z) = (f*h)(z) (1.12) 

where 

00 

h{z) = z-*+ Y $k(\,V,m,p)z k . (1.13) 
fc=i— p 

Note that, the case A = 1 and [i = of the differential operator 
was introduced by Srivastava and Patel [IS]. A special case of 
D^ p for p = 1 was considered in [16] . 

Making use of the differential operator , we define a new sub- 
class of the function class T, p as follows. 
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Definition 1.1 A function f € S p is said to be in the class ^\fj, mp (a, (3) 
if it satisfies the condition 



+ 1 



+ 2a - 1 



(1.14) 



/or some a (0 < a < 1) ; /3 (0 < (3 < 1) and zED*. 



Note that a special case of the class E^ mp (a, /3) for p = 1 and m = 
is the class of meromorphically starlike functions of order a and type 
(3 introduced earlier by Mogra et al. [12J. It is easy to check that for 
m = and (3=1, the class S^ mp (a, (3) reduces to the class T,*(a). 
We consider another subclass of S p given by 



A/imp 



a,/3). 



(1.15) 



The main object of this paper is to present a systematic investiga- 
tion of the classes S^ m p(a,/3) and ^\^ mp (a, f3). 



2 Properties of the class H\^ mj9 (a, (3) 

We begin this section with a necessary and sufficient condition, in 
terms of subordination, for a function to be in the class Tj\^ mp {a, f3). 

Theorem 2.1 A function f € T, p is in the class 5}\(imp(ot, /3) if and 
only if 

z{D^ p f{z))' P (2a-l)(3z-p 



-< 



(z G U). 



Proof Let / £ T l \^ mp (a, (3). Then, from (1.6), we have 



(2.1) 



P D™ p f{z 



<I3 2 



p ^/(*) 



or 



(1-/3 2 ) 



1 <D^ p f(z))' 



P D^fiz 



2[l + /3 2 (l-2a)]^ 



~P D™ p f(z) 



If /3 7^ 1, we have 



i^y(f 



< /3 2 (1 -2a) 2 - 1. 



1 -/3 2 
4 



P D vp/(^) 



+ 

that is 



1 + /3 2 (1 -2a) 
1-/3 2 



/3 2 (2a — l) 2 — 1 
1 - /3 2 + 



i z^piW l-/3 2 (2«-l) 



/3 2 



< 



'l + /3 2 (l-2a) 
1-/3 2 

2/3(1 - a) 
1-/3 2 ' 



(2.2) 



z(D m f(z))' 

The inequality (2.2) shows that the values region of -F(z) = ~~ n™ P f( z ) 
is contained in the disk centered at 1 ~ /3 [ ^ 2 °~ 1 - > and radius 2/ ^~"^ . It 
is easy to check that the function G(z) = 1 ~( 2a ~ 1 )^ 2 



l-Bz 



1-B 2 
maps the unit 



disk U onto the disk 



ui — 



l-(3 2 (2a-l) 



< 



2/3(1 - a) 
1-/3 2 



Since G is univalent and F(0) = G(0), F(V) C G(U), we obtain that 
F(z) -< G(z), that is 

l zjDxwMY , l-(2a-l)frz 



1-/32 



or 



^p(2a-l)(3z-p 



Conversely, suppose that subordination (2.1) holds. Then 

l s^p/Qz))' = 1 ~ (2a - l)Pw(z) 
P D^ p f(z) l-Pw{z) 

where w € Q. After simple calculations, from (2.3), we obtain 



(2.3) 



1 Z (D^ p f(z))' 
P D^ p f(z) 



P D^ p f(z 



+ 2a-l 



which proves that / € T l \ Mimp (a, (3). 
If P = 1, inequality (1.14) becomes 



P D^J(z) 



- 1 



< 



~P DZJ(z) 



+ 1 - 2a 



(2.4) 



From (2.4) we can easily obtain that 



1 , l-(2a-l)z 

~P 0JK»/(* 
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or 



z(D^ p f(z))> ( 2a - l)pz 



-< 



P 



(2.5) 



Thus, the proof of our theorem is completed. 

Remark 2.1 Since !R- ^)fi z > a ^ f u ows that 

1 — pz 

which shows that D™ f(z) € S*(a). 

Making use of the subordination relationship for the class S^ mp (a, ,9), 
we derive a structural formula, first for the class T,\^ mp (a, 1) and then 
for the class E^ /tmp (a, 0). 

Theorem 2.2 ^4 function f € S p belongs to the class T l \^ mp (a, 1) z/ 
and on/t/ ?/ i/iere exisis a probability measure fi(x) on d\J such that 



/(*) 



$ fc (A,//,m,p) 



exp / 2p(l — a) log(l — xz)dfi(x) 

J\x\=l 



z € U*. 



(2.6) 



T/ie correspondence between E^ mp (a, 1) and i/ie probability measure 
fj,(x) is one-to-one. 

Proof. In view of the subordination condition (2.5), we have that 
/ G SA M m P (a, 1) if and only if 



€ ?(«)• 



Prom Lemma 1.2, we have 

_ /■ I -(2n-l),-, 

which is equivalent to 

*(£>5&p/(*))' _ 



/■ l-(2a 
71x1=1 1 ~ 



xz 



dfj,(x) 



X =1 



p(2a — l)xz — p 
1 — 



dfi(x). 



6 



Integrating this equality, we obtain 

z p D^ f(z) = exp / 2p(l - a) log(l - xz)dfi(x) 

J\x\=l 



or 



D^ p f(z) = z- p e W [ 2p(l-a)]og(l-xz)df i (x). (2.7) 
J\x\=l 

Equality (2.6) now follows easily from (1.12), (1.13) and (2.7). 

Using a result of Goluzin [3] (see also [T3] p. 50), we obtain the 
following result. 

Theorem 2.3 Let f G S A/Ltmp (a, 1). Then 

Proof. Let / G 'S\^ mp (oi, 1). Then by (2.5) we have 
jgg^/W p(2a-l)z-p 



1 - z 



Since the function is univalent and convex in U, in 

1 — 2 

view of Goluzin's result, we obtain 



or 



log(D^ p f(z)) -< log 



p(2a — 1)C — p 

(, C(i-C) 

(1 - z) 2 ^ 1 -") 



Thus, there exists a function u; € f2 such that 

(1 - w{z)) 2 P^- a ) 



log(£>S* w /(«))=log. 



which is equivalent to 

^p/(^)^(l-^) 2p(1 " a) - 
Next we obtain a structural formula for the class S^ mp (a,/3). 
Theorem 2.4 Lei / G S A ^ mp (a,/3). TTien 



+ £ 



fc=i-p 



*jfc(A,//,m,p) 



* 2 p exp ( 2p(l — a)/3 
where w G 0. 



«>(C) 



o c(i-MO) 



(z G IT 



(2i 
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Proof. Assume / <G T l \ fimp (a, f3). From (2.1) it follows 
z(D™ p f(z))' _ p (2a-l)(3w(z)-p 



D^ p f(z) 1 - 0w(z) 

In view of (2.9), we have 



(z G U). (2.9) 



(DT, P f(z)Y P _ P(2a - l)Pw{z) 
D™ p f(z) + z z(l-(3w(z)) { ] 

which upon integration, yields 

\og{z^D^ p f{z)) = 2p(l - a)P jf ai ™f w{0) dC (2-10) 

The assertion (2.8) of the theorem can be easily obtained from (1.12), 
(1.13) and (2.10). 

In the sequence a convolution property for the class T,\ fJimp (a, f3) 
is derived. 

Theorem 2.5 If f G S p belongs to T,\ limp (a, (3), then 

(2.11) 

for z G U* and 6 G (0,2vr). 

Proof. Let / G S^ mp (a,^). Then, from (2.1) it follows 

_^,^^, 6U , 0<9<2 ,. (2 , 12) 

It is easy to see that the condition (2.12) can be written as follows 

(1 - Pe ie )z(D^ p f(z)y ie ]D^ p f(z) + 0. (2.13) 

Note that 

D^ p f(z) = D^ p f(z) * (z-p + + . . . + \ + 1 + ^4-) 



and 



= D^ p f{z) * — (2.14) 



z{D^ p f{z))' = D^ p f{z)* 



-pz~ p - (p - l)z^ +1 -...-- + 



* (1 - z) 



-pz-P + (p+l)z-P+ 1 
(1^)5 • ( 2 - 15 ) 

By virtue of (2.13), (2.14) and (2.15), the assertion (2.12) of the the- 
orem follows. 

Coefficient estimates for functions in the class E^ /imp (a,/3) are 
given in the next theorem. 

Theorem 2.6 Let f of the form (1.6) be in the class Tj\ lirn p{a, (3). 
Then, for n > 3 — p 



\a n \ < 



2p(3(l - a) 



(2.16) 



(n + p)$ n (\,n,m,p) 
where $> n (\, /J,,m,p) is given by (1.11). 

Proof. To prove the coefficient estimates (2.16) we use the method of 
Clunie and Koegh [JJ. 
Let / G X 

Ximvpip-i 0)' From (1.14), we have 



1 <D^ p f(z))> 



V D™ p f(z 



+ 1 = zw(z) 



P D™ p f(z) 



+ 2a-l 



where w is analytic in U and |w(z)| < /3 for z € U. Then 

z(D^ p f(z))'+ P D^ p f(z) = zw(z) [z(D^ p f{z))'+p{2a - l)D^ p f{z)] . 

(2.17) 

oo 

If zw(z) = ' S ^WkZ k , making use of (1.10) and (2.17), we obtain 



fc=l 



(k + p)<S> k (\,Li,m,p)a k z k+p 

k=l—p 



-2p(\-a) ^2 [k +p{2a -!)]<& k (\,n,m,p)a k . : 



k+p 



^w k z k . 

k=l 

(2.18) 



k=l— p 

Equating the coefficients in (2.18), we have 

n$ n _ p (A, li, m, p)a n - p = -2p(l - a)w n , for n = 1, 2 

and 

n$ n _p(A,/i,m,p)o n _ p 

n— 1— p 

= -2p{l-a)w n + ^2 [ k +P( 2a - 1 )\®k(^,IJ;m,p)akW n - p - k (2.19) 
fc=i— p 
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for n > 3. 

From (2.19), we obtain 

n— I — p 

-2p(l-a)+ ^ [^ + P(2a-l)]<I> fc (A, Ai ,m,p)a fe ^ +p 
fc=i— p 



^w k z k 



k=i 



n—p 



Y (k+p)$ k (\,fi,m, P )a k z k+ v+ Y c k z k+ v. (2.20) 

fe=l— p k=n+l—p 



It is known that, if h{z) = Y2 h n z n is analytic in U, then for < r < 1 

71=0 

El^l Vn = ^/ l%e w )| 2 cW. (2.21) 



n=0 



Since 



oo 



fc=l 

n—p 



< (3\z\ < (3, making use of (2.20) and (2.21), we have 



Y^+p) 2 <S> k {\^m,p) 2 \a k \ 2 r 2 ^ + £ | Cfc |V< fc +*> 

k=l—p fc=n+l— p 



</3 2 < 



n— 1— p 



V(l-«) 2 + Y [A; + p(2a-l)] 2 cl> fe (A,/,,m,p) 2 |a fe |V(^) 
fc=i— p 

Letting r — >• 1, we obtain 



> . 



n—p 



Y (k+p) 2 <f> k (\,[i,m,p) 2 \a k \< 



k=l—p 

n—l—p 

<4 P 2 (3 2 (l-a) 2 + (3 2 [k + p(2a-l)} 2 ^ k (X, f i,m,p) 2 \a k \ 2 . 

k=l—p 

The above inequality implies 

n 2 $ n _ p (A, p, m, p) 2 |a n _ p | 2 

n— 1— p 

< 4p 2 /3 2 (l - a) 2 - Y (k+p) 2 <S> k (\,fx,m,p) 2 \a k \ 2 
k=l— p 

n—l—p 

+ Y, P 2 [k+p(2a-l)] 2 $ k (\,p,m,p) 2 \a k \ 2 < 4 P 2 (3 2 (1 - a) 2 . 

k=l—p 
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Finally, replacing n — p by n, we have 

2pp(l - a) 



\a n \ < 



(n+p)$ n (\,n,m,p) 



Thus, the proof of our theorem is completed. 

Theorem 2.6 enables us to obtain a distortion result for the class 



J \fimp 



Corollary 2.1 If f € T,\ limp (a, (3) is given by (1.6), then for < 
\z\ = r < 1 



1 oo 

|/(z)|>--2p/3(l-a)r 1 ^ £ 



^ (/c + p)$ fe (A,/i,m,p) 



fc=i— p 



oo 

|/(z)| < — + 2p0(l-a)r 1 - p V — — r 



and 



\f(z)\>J ri -2pP(l-ay-v 



k 



oo , 

P _ s O \^ k 



\f'(z)\<J ri+ 2p(3(l-a)r^ £ 



In the sequence we give a sufficient condition for a function to 
belong to the class E^ mp (a,/3). 

Theorem 2.7 Let f £ T, p be given by (1.6). If for < a < 1 and 

< 13 < 1 



^ [/ C (/3+l)+p(l+/3(2a-l)p fc (A,/i,m,p)|a fe | < 2p/3(l-a) (2.22) 

fe=i— p 

then f € S Ajtimp (o;, /3). 

oo 

Proof. Assume that f(z) = z~ p + ^ a k z k . We have 

fc=i— p 

M = \z(D^ p f(z))'+pD^ p f(z)\-P \z(D^ p f(z))'+p(2a - l)D^ p f(z)\ 



^ (k +p)<f> k (\,fi,m,p)a k z k 

k=l—p 
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~ 2P{1 ZP ^ + £ [fc + p(2a-lp fc (A,M,m,p)a fc ^ 
fc=i— p 

For < |z| = r < 1, we obtain 



r p M< ^ {k+p)®k(\v,m,p)\a k \r p+k 

k=l—p 

CO 

2p(l_ a )_ \k + p{2a-l)\<S> k {\,^m,p)\a k y +k 

fc=i— p 



or 



r p M< £ [fe(/3+l)+p(l+/3(2a-l))]$ fc (A,^,m,p)|a fc |r p+A; -2p/3(l-a) 
fc=i— p 

Since the above inequality holds for all r (0 < r < 1), letting r — > 1, 
we have 



M< [fc(/3 + l)+P(l + ^(2a-l))]*fc(A,/i,m,p)|o fc |-2p/3(l-a). 
fc=i— p 

Making use of (2.22), we obtain M < 0, that is 



1 z(D^ p f(z))' i 



Consequently, / G E A/imp (a,y9). 



</5 



+ 2a-l 



3 Properties of the class E^ (a, /?) 

We begin this section by proving that the condition (2.22) is both 
necessary and sufficient for a function to be in the class (a, /?). 

Theorem 3.1 Let f € E+. T/ien / belongs to the class S^" (a, /3) 
i/ and onZy z/ 



£ [M/ 3 + !) +P(1 + /?(2a - l))]$ fc (A,p,m,p)a* < 2p/3(l - a). 
fc=i— p 
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Proof. In view of Theorem 2.7, we have to prove "only if part. As- 

oo 

sume that f{z) = z~ p + cikz k , a k > is in the class ^ (a,/3). 

fe=i— p 

Then 

l*(^p/(*))' 



+ 1 



+ 2a- 1 



E (k +p)<5> k (\,fi,m,p)a k z k 

k=l—p 



P zP " ~ E [/c + p(2a-lp fc (A,u,m,p)a fc z fc 
fc=i— p 

for all zeD. Since !Rz < |z| for all z, it follows that 



E (k+p)<!> k {\,iJ,,m,p)a k i 
k=i—p 



a k z 



k=i—p 

We choose the values of z on the real axis such that 



(3.1) 

is real. Upon clearing the denominator in (3.1) and letting z — > 1 
through positive values, we obtain 

oo 

,fi,m,p)a k 

k=i—p 



<2p/3(l-a)- E /8[fc + p(2a -lp fc (A, /i,m,p)a fc 
fc=i-p 

or 

oo 

E [fc(/3 + l)+p(l + /3(2a-l))]$ fc (A,Ai,m,p)a fc < 2p/3(l - a). 
fe=i— p 

Hence, the result follows. 

Corollary 3.1 If f € Si", given 6y is in £/ie c/ass St (a, /3) 



then 
a n < 



2p(3(l - a) 



[n(/3 + 1) + p(l + /3(2a - l))]$ n (A,/i,m,p) 
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, n > 1 -p (3.2) 



with equality for the functions of the form 

f( 2 ) = l + W - g) _n 

Jn{ 1 zP^ [n(l3 + l)+p(l + f3(2a-l))}$ n (\,»,m, P ) " 

Coefficient estimates obtained in Corollary 3.1 enables us to give 
a distortion result for the class St mp {ot,(3). 

Theorem 3.2 If f € ^ mp {a,(3), then for < \z\ = r < 1 

I f( z )\ > 1 W ~ Q ) r i-P 

and 

I f (z )| < 1 + w - a ) r i-p 

' V jl - rP T [0(1 -p+ (2a -l)p) + l]$i_ p (A, p,m,p) 
where equality holds for the function 



f(z) = l + W ~ g) 

JpV ' zP ^ [/3(l-p+(2a-l)p) + l]$ 1 _ p (A, M ,m,p) 

at z = ir, r. 

Proof. Suppose / € ^ (a,/3). Making use of inequality 

V < W - g) n ^ 

2^ *- [ / 8(i_p + (2a-l)p) + l]*i_ I ,(A,/ i ,m,p) 1 ' ' 

which follows easily from Theorem 3.1, the proof is trivial. 

Now, we prove that the class S^" (a,/3) is closed under convolu- 
tion. 

oo 

Theorem 3.3 Let h(z) = z~ p + ^ c k z k be analytic in U* and 

k=l—p 

< Cfc < 1. If f given by (1.7) is in the class (a, f3), then f *h 

is also in the class (a, /?). 

Proof. Since / € St then by Theorem 3.1, we have 

oo 

W + 1) + P(l + 0(2a " l)Pfe(A, /i, m,p)a k < 2p(3(l - a). 

k=l~p 

In view of the above inequality and the fact that 

oo 

(f*h)(z) = z- p + Y a k c k z k 

k=l~p 
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we obtain 

oo 

W + l)+p(l + P(2a-l))]$ k (\,n,m,p)a k c k < 

fc=i— p 

oo 

^ + 1) +p(l + p(2a - l))]$ k (\,fx,m,p)a k < 2 P/ S(1 - a). 
fc=i— p 

Therefore, by Theorem 3.1, the result follows. 

The next result involves an integral operator which was investi- 
gated in many papers [2], [6], [20] . 

Theorem 3.4 If f € 2^,^(0, /?), i/ien f/ie integral operator 
F c , p (z) = -£- f t 1f^- 1 f(t)dt ) c>0 



z p+ 

is also in the class '^\^ irn p (a, j3). 
Proof. It is easy to ckeck that 



F CiP {z) = f(z) *[z~v+ J2 



. , c + p + k 

k=l—p 

Q 

Since < < 1, by Theorem 3.3, the proof is trivial. 

c + p + k 

4 Neighborhoods and partial sums 

Following earlier investigations on the familiar concept of neighbor- 
hoods of analytic functions by Goodman [7] , Ruschweyh [T7j and more 
recently by Liu and Srivastava [9], [10], Liu [IT] . Altintas, et al. [I], 
Orhan and Kamali |14j . Srivastava and Orhan |19j . Orhan [15], Deniz 
and Orhan [5] and Aouf [3], we define the (n, 5)— neighborhood of a 
function / € S p of the form (1.6) as follows. 

Definition 4.1 For 5 > and a non-negative sequence S = {sfc}^ =1 _ p 
where 

[P{k + \2a - l\p + k + p)]$ k (\, n,m,p) 

s * = <«> 

(A>l-p,peN, < a < 1 , < /3 < 1) 

t/ie (n, 5)— neighborhood of a function f € S p 0/ i/ie /orm fi.fi'j is 
defined by 



W) ■= { 



9 G S p : 0(2:) = z p + ^ and ^ - a fc | < 5 } . 

fc=l— p k=l—p 

(4.2) 
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For Sk = k, Definition 1.4 corresponds to the (n, 5) — neighborhood 
considered by Ruscheweyh [TT] . 

Making use of Definition 4.1, we prove the first result on (n, 6)— 
neighborhood of the class ^\^ mp (a, f3). 

Theorem 4.1 Let f G SA^ mp (a,/3) be given by (1.6). If f satisfies 

(f(z) + e^)(l + e)- 1 G Z Xfimp (a, P) (e G C , |e| < 5 , 6 > 0), (4.3) 
then 



W)cE A/imp (a,/3). 



(4.4) 



Proof. It is not difficult to see that a function / belongs to X,\/imp(a, P) 
if and only if 



Pz(D™ p f(z))' + P(2a - l) P D™ p f(z) 
which is equivalent to 



^ a (z G U,cr G C, |cr| = 1) 

(4.5) 



/0( Z £ U), 



(4.6) 



where for convenience, 



h(z) := z p + V] c fc-z fe 
fc=i— p 

- P + [/3a(fc + (2q - l)p) - (fc + p)]$ fe (A, /x, m, p) . ( „, 



fc=i— p 

From (4.7) it follows that 



2p/3(l - a)a 
[Pa(k + (2a - l)p) - (A; + p)]$*(A, /x, m, p) 



< 



2p/3(l - a)ff 

[/fo(fc + 1 2a - l|p) + fc + p]$ fc (A,/i,m,p) 
2p/3(l -a)a 



> 1 -p,p G N). 



(4.8) 

Furthermore, under the hypotheses (4.3), using (4.6) we obtain the 
following assertions: 



or 



z-v 
(f*h)(z) 



± (zeU) 



/ e (z G U), 
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which is equivalent to 

(f*h)(z) 



z-p 



>8 (z€V,S>0). 



Now, if we let 



(4.9) 



k=i—p 



then we have 



(f(z)-g(z))*h(z) 



z-p 



£ K " h)z k+p 

k=l—p 



oo 

£ E 

k=l — p 



\p(k + \2a - l\p) + k + p]$k(Kl*,m,p) 



2p0(l - a) 

(z£U,5>0,k>l-p,p£ N). 
Thus, for any complex number a with |er| = 1, we have 

(g*h)(z 



-b k \\z\ k +v<5 



z-p 



+ o (z e u) 



which implies 5 € S^ Mmp (a, /?). The proof of the theorem is completed. 

In the sequence we give the definition of (n, (5)— neighborhood of a 
function / € of the form (1.7). 

Definition 4.2 For <5 > and a non-negative sequence S = {sk}kLi- p 
where 



Sk 



W + 1) + ff(2a - l))]$ fc (A,/f,m,p) 

2p/3(l - a) 

(ife>l-p,p€N, < a < 1 , < < 1) 

£/te (n, 5)— neighborhood of a function f € of the form (1.7) is 
defined by 



W) := { 



g S £+ : 5(2) = 2 p + ^ b k z k and ^ s fe |6 fc - a k \ < 5 } . 

k=l—p k=l—p 

(4.10) 



We have the following result on (n, 5)— neighborhood of the class 



J \/j,mp 



(a, (3). 
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Theorem 4.2 If the function f given by (1.7) is in the class St (a, (3), 
then 

W)cEj imp (a,/3), (4.11) 

u>/iere 

_ 2A/i + A — // 
~~ 1 + 2A/U + A - //' 
The result is the best possible in the sense that S cannot be increased. 

Proof. For a function / G ^tu,mp( a > P) °f the form (1.7), Theorem 3.1 
immediately yields 



2p/3(l-a) ' ' " ; " «!': ,.l A. //.!./» " 

(4.12) 



[k(/3 + 1) + p(l + /3(2a - l)p fc (A,/i,m,p) 

fc=i— p 
Let 

oo 

<7(z)=z-p+ J] b k z k eX s (f) 

k=l— p 

with 

= 2A/x + A - // 
l + 2A^ + A-/i 

From the condition (4.10) we find that 



^ s fc |6 fc -a fc | <5. (4.13) 
fc=i— p 

Using (4.12) and (4.13), we obtain 

oo oo oo 

^ < ^ s fe a fc + ^2 s k \b k -a k \ 

k=i—p fc=i— p fc=i— p 

~ $i-p(A,/i, + ^ 

Thus, in view of Theorem 3.1, we get g G E^" (a, 

To prove the sharpness of the assertion of the theorem, we consider 
the functions / € E^ mp (a,/3) and # € S+ given by 

f(z) = z-* + 2P(3{1 ~ a) z 1 -? (4.14) 

J{> [P(l-p+(2a-l)p) + l]^ p (X, f i,m,p) K > 

and 

2pf3(l - a) 



g(z) = z~ p + 



(1 - p + (2a - l)p) + l]$i_p(A, n, m,p) 
18 



+ 



2p/3(l - a) 



-5* 



(4.15) 



[/3(1 - p + (2a - l)p) + l]*i- p (A, n, m,p) 
where 5* > 5. 

Clearly, the function g belongs to 'Ns(f) but according to Theo- 
rem 3.1, g S^" (a, 0). Consequently, the proof of our theorem is 
completed. 

Next, we investigate the ratio of real parts of functions of the form 
(1.6) and their sequences of partial sums defined by 



k m (z) = < 



m = 1,2, ... ,-p 



m—l 



z p + a kZ k , m = 1 — p, 2 — p, . . . 

k=l~p 



We also determine sharp lower bounds for 5? 



m 



and 3ft 



(4.16) 

k m (z) 

1W 



Theorem 4.3 Let f € S p be given by (1.6) and let k m (z) be given by 
(4-16). Suppose that 



where 



Ok 



^2 k \a k \ < 1 
fc=i— p 

W + 1) + J>(1 + /3(2a - l))]$ fc (A, fi, m,p) 



(4.17) 



2p/3(l - a) 
Then, for m > 1 — p, we have 



and 



Oft 



9ft 



k m (z) 

krn(z) 



> i 



> 



r . 



(4.18) 



(4.19) 



The results are sharp for each m > 1 — p with the extremal function 
given by 



f{z) = z-p 



1 

9 rn 



(4.20) 



Proof. Under the hypotheses of the theorem, we can see from (4.17) 
that 

e k+l >e k > i (k>i- P ). 

Therefore, by using hypotheses (4.17) again, we have 



m—l 



|«fc| + Qm ^ - ^ ®k\ah\ < 1- 

fc=l— p fc=m fc=l— p 



(4.21) 
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Let 



W(z) = O r . 



m 

k m (z) 



Ora a * zk+P 



1 + 



k=m 



m—1 



(4.22) 



1+ a ^ k+p 



k=l—p 



Applying (4.21) and (4.22), we find 

oo 

m Y a * zk+P 



oj{z) - 1 



uj(z) + 1 



k=m 



m—1 



2 + 2 Y a k z k+ v + O m Y*kZ k+p 

k=l— p k=m 



m Yj l afe l 



< 



k=m 



m—1 



< 1 (z € U) (4.23) 



2-2 ^ |afe| — fl m y~] |afc| 

fc=l— p k=m 

which shows that $tu)(z) > [z G U). From (4.22), we immediately 
obtain (4.18). 

To prove that the function / defined by (4.20) gives sharp result, 
we can see that for z — > 1 _ 

/(*) 



(2) 



l - -U m -> l - -i- 



which shows that the bound in (4.18) is the best possible. 
Similarly, if we let 



c(>(z) = (l + m ) 



kmi.z) ri 

[J(zT~TT> 



(i + o m )Y^z k+p 

= 1 5^ (4-24) 



i+ Y 

k=l— p 



k+p 



and making use of (4.21), we find that 

oo 

-(l + m )J2^z k+p 



Hz) - 1 



<f>(z) + 1 



k=m 



2 + 2 a k z k+p -(l + m )J2"kZ k+p 

k=l—p 



k=m 
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(l + m ) \ a k\ 

< 55 — 55 < 1 (* € U) (4.25) 

2-2 ^ |a fc | + (l + m ) \ a k\ 

k=l—p k=m 

which leads immediately to the assertion (4.19) of the theorem. 

The bound in (4.19) is sharp for each m > 1 —p, with the extremal 
function / given by (4.20) . The proof of the theorem is now completed. 
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